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Abstract—Quaternions serve as a powerful mathematical
tool for representing three-dimensional rotations, offering
advantages over traditional Euler angles in aircraft
orientation systems. Quaternions eliminate the gimbal lock
problem, provide smoother interpolation, and require less
computational resources compared to rotation matrices. This
paper examines the implementation of quaternion-based
rotation representation for aircraft navigation using X-Plane
12 flight simulator data. Flight data including roll, pitch, and
yaw angles are collected during autopilot navigation
sequences, converted to quaternion representation through

numerical algorithms, and analyzed using Python
visualization tools.
Keywords—Aircraft rotation, Flight dynamics,

Quaternions, Rotation representation.

I. INTRODUCTION

In modern aircraft navigation, accurately representing an
aircraft’s rotation in three-dimensional (3D) space is
critical for ensuring stable and controlled flight. Roll (¢),
pitch(@), and yaw(y), the three fundamental axes of
aircraft orientation, are essential for determining attitude
and guiding maneuvers [1]. While various mathematical
models have been developed to represent these rotations,
many traditional approaches, such as Euler angles and
rotation matrices, face significant limitations when applied
to complex navigation systems.

Euler angles, though intuitive, are prone to gimbal lock
problem, a condition where the loss of one degree of
freedom can result in computational and mechanical errors.
Similarly, rotation matrices, while accurate, require
significant memory and computational resources, making
them less practical for real-time applications. These
challenges highlight the need for alternative methods that
offer both numerical stability and computational
efficiency.

Fig 1.1 Three Axes of Rotation of the Aircraft
(Source: researchgate.net)

Quaternions, first introduced by William Rowan
Hamilton in the 19™ century, have emerged as a robust
solution to these issues. Unlike Euler angles, quaternions
avoid gimbal lock by providing a continuous and
singularity-free  representation of 3D  rotations.
Furthermore, their compact four-element structure makes
them more efficient than the nine elements required by
rotation matrices. These properties have made quaternions
an integral part of modern navigation systems especially in
fields like aerospace and robotics such as drones and small
UAVs [2].

This study investigates the use of quaternions in aircraft
navigation by leveraging flight data from X-Plane 12, a
high-fidelity flight simulator. By converting Euler angles
into quaternion representations, this research aims to:

1. Analyze the advantages of quaternions in handling

rotational data.

2. Validate their

stability.

3. Demonstrate their real-world applicability through

simulated flight scenarios.

By bridging theoretical concepts with practical

applications, this paper seeks to contribute to the

growing adoption of quaternion-based systems in
aviation and beyond.

computational efficiency and
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II. THEORETICAL FOUNDATION

A. Quaternion

Quaternions, discovered by William Rowan Hamilton in
1843, represent an extension of complex numbers. A
quaternion g is mathematically expressed as:

q=w+xi+yj+zk

where w, X, Y, z are real numbers and i, j, k are imaginary
units satisfying:
?=jt=k*= -1
ij =k, jk=1iki=]j
ji= —kkj= —iik= —j

for rotation applications, unit quaternions are used
where:
wit+xi+yri+z2=1

Quaternions can represent a rotation around an axis v =
(X, Y, z) by an angle 6:

q = cos (g) + sin (g) (xi +yj + zk)

This property makes quaternions highly efficient for
applications requiring continuous rotations, such as aircraft
navigation, where stability and precision are critical. They
also enable smooth transitions between rotations through
methods like Spherical Linear Interpolation (SLERP),
making them essential for autopilot systems and realistic
3D simulations [3].

Compared to traditional methods like Euler angles or
rotation matrices, quaternions stand out for being more
compact, computationally efficient, and free from gimbal
lock—a major issue in many systems, making them highly
suitable for modern navigation systems. These advantages
include:

1. Compact Representation:

Quaternions require only 4 parameters to represent
a rotation, compared to the 9 elements needed for a
3x3 rotation matrix.

2. Gimbal Lock Avoidance:

Unlike Euler angles, quaternions inherently avoid
the issue of gimbal lock—a condition where two
rotational axes align, causing a loss of degree of
freedom. This property makes quaternions
particularly advantageous for applications requiring
continuous rotations, such as aircraft navigation and
autopilot systems.

3. Computational Efficiency:

Rotational computations using quaternions involve
only 16 multiplications and 12 additions while
matrix rotation involves 27 multiplications and 18
additions.

4. Numerical Stability:

Quaternions are easier to normalize compared to
matrices or Euler angles, reducing error
accumulation in sequential calculations. This

stability ensures accuracy over extended operations,
such as long-duration autopilot flights or complex
rotational maneuvers.
These advantages will be further detailed and contrasted
with the limitations of traditional rotation methods—Euler
angles and rotation matrices—in the subsequent section.

B. Traditional Rotation Representation Methods

In aircraft navigation, rotations are represented using
two primary methods: Euler angles and rotations matrices.
While these methods have been widely used, both have
significant limitations, which motivate the adoption of
quaternions as an alternative solution [4].

1. Euler Angles

Euler Angles define rotation using three angles: yaw
(y), pitch (@), and roll (¢), corresponding to
rotations around the z, y, and x axes, respectively
[1]. The basic equation for rotation using Euler
angles can be expressed as:

R=R,(¥) - Ry(g) ‘Ry ()

Where:

1 0 0
0 cos¢ sing
0 —sing cos ¢

R.(9) =

cos @0 —sin@
01 0
sin@ 0 cos@

~

—

3
I

cosy siny 0
—siny cosy 0
0 0 1

Fig 2.1 Euler Angles Equation
(Source: ece.montana.edu)

1]

R (y)

Euler angles provide a simple and intuitive way to
represent rotations around the axes, making them
easy to grasp and implement, especially in early
systems for basic applications. However, they have
notable drawbacks, such as gimbal lock, which
happens when the pitch angle nears 90, causing
two axes to align and losing a degree of freedom.
Sequential rotations can also lead to complicated
calculations and numerical errors, making Euler
angles less ideal for modern navigation systems that
demand high precision and stability.

2. Rotation Matrices

Rotation Matrices use 3x3 matrices to represent
rotations. These matrices provide a linear
representation that transforms coordinates from one
frame to another based on a specified rotation [5].
The general form of 3x3 rotation matrix in terms of
Euler angles (yaw (), pitch (8), and roll (¢)) is
expressed as:
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Fig 2.2 Direction Cosine Matrix
(Source: base.movella.com)

Rotation Matrices possess several important
properties and characteristics. They are orthogonal,
meaning that:

RT-R=1

This ensures that rotations preserve the length and
orientation of vectors. The determinant of a rotation
matrix is always +1, signifying a proper rotation
without reflection. Additionally, rotation matrices
are reversible, as the inverse of a rotation matrix is
equivalent to its transpose.

Rotation matrices offer several advantages. They
are straightforward to use for applying
transformations through matrix multiplication and
are particularly well-suited for combining multiple
rotations sequentially. However, they also have
some limitations. A rotation matrix requires 9
elements to represent a rotation, leading to higher
memory usage compared to more compact
representations like quaternions. Furthermore,
numerical inaccuracies can accumulate in
sequential rotations due to floating-point errors.
When used alongside Euler angles, rotation
matrices are also susceptible to gimbal lock.

C. 3D Rotation in Navigation

In aircraft navigation, accurately representing the
aircraft’s orientation is crucial for maintaining control and
stability during flight. Orientation in three-dimensional
(3D) space is defined by three key rotations: roll, pitch, and
yaw, which corresponds to rotations around the x, y, and z
axes, respectively [6].

1. Roll, Pitch, and Yaw

¢ Roll(¢): Rotation around the aircraft’s
longitudinal axis (nose-to-tail), affecting the
tilt of the wings.

e Pitch(8): Rotation around the aircraft’s
lateral axis (wingtip-to-wingtip), controlling
the aircraft’'s nose-up or nose-down
movement.

e Yaw(y): Rotation around the aircraft’s
vertical axis, determining the direction the
nose points (left or right).

Fig 2.3 Quaternion Representation in Aircraft
(Source: imgbin.com)

These rotations form the basis for defining an
aircraft’s attitude in flight. The combined effects of
roll, pitch, yaw dictate the aircraft’s movement and
its ability to maintain stability under various
conditions.

. Significance in Navigation

Aircraft navigation relies heavily on precise

rotational data to:

e Ensure Flight Stability: Small errors in
rotational calculations can lead to significant
deviations over time, especially in autopilot
systems.

e Enable Seamless Maneuvering: Accurate
representation of roll, pitch, and yaw allows the
aircraft to execute complex maneuvers without
compromising safety.

e Support Inertial Navigation Systems (INS):
INS depends on rotational data to calculate the
aircraft’s position and orientation in the
absence of external signals (e.g., GPS).

. Challenge in Representing 3D Rotations

Despite their importance, representing 3D rotations

poses several challenges:

e Singularities: Euler angles are prone to gimbal
lock, where two axes align, causing a loss of
one degree of freedom.

e Numerical Errors: Cumulative errors in
sequential calculations can lead to instability in
navigation systems.

e Computational Overhead: Rotation matrices,
while accurate, require significant

computational resources, which can hinder

real-time applications.

Fig 2.4 Gimbal Lock Problem
(Source: researchgate.net)

Quaternions address these challenges effectively,
offering a robust alternative for representing 3D
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rotations with greater numerical stability and
computational efficiency.

D. X-Plane 12 as a Simulation Tool

X-Plane 12 is a modern flight simulation software
popular in research, training, and entertainment for its
highly realistic and detailed simulation environment. Built
on real world physics, it delivers precise aerodynamic
calculations, making it ideal for modeling and testing a
wide range of flight scenarios, including complex
navigation systems [7].

In this study, X-Planel2 is used as a platform to test the
implementation of quaternions in 3D rotational navigation.
By integrating quaternion-based algorithms, we aim to
evaluate their performance in simulating aircraft
orientation and movement, comparing them with
traditional methods like Euler angles and rotation matrices.
The simulation environment enables real-time testing of
rotational calculations, examining their behavior under
extreme angles, dynamic movements, and error
accumulation.

Key features of X-Plane 12 that are leveraged in this
study include:

1. Realistic Aircraft Dynamics: X-Plane’s simulation
of roll, pitch, and yaw offers an ideal platform to
assess quaternion performance in real-world
scenarios.

2. Customizable Systems: The software allows
integration of custom navigation algorithms,
making it possible to implement and test
quaternion-based calculations directly.

3. Data Output and Analysis: X-Plane 12 supports
detailed logging of orientation data by generating
the data with hundreds of parameters (adjustable) in
the form of TXT or UDP.

4. Scalability and Control: The simulation parameters
can be scaled or modified to mimic various
environmental conditions and flight scenarios
through a system that is almost similar to real
aircraft.

By using X-Plane 12, this study ensures a controlled
and repeatable environment to validate the advantages of
quaternions, particularly in mitigating issues like gimbal
lock and improving computational efficiency. The findings
from the simulation will provide insights into the practical
application of quaternion-based rotation in aviation
navigation systems.

III. METHODOLOGY: CALCULATION AND
IMPLEMENTATION

A. Data Acquisition

To analyze aircraft rotations in 3D space, this study
utilizes flight data obtained from the X-Plane 12 simulator.
The simulation is configured to record critical flight
parameters such as roll, pitch, yaw (delegated to heading in
X-Plane 12), and angular velocity. These four parameters
are taken through four scenarios or flight maneuvers,

namely cruising (to show quaternion stability), climbing
(to show pitch changes), descending (to complete vertical
dynamics analysis), and rolling (to show gimbal lock
problems). The data is saved in a TXT file format for each
maneuver and each file TXT contains data taken with a
frequency of 5 Hz or 5 writes/second, making it easier to
manage and analyze using Python-based tools.

Here's an example of the flight data structure:

Fig 31 Sample Dataset from Simulator
(Source: Screenshot by the Author)

B. Mathematical Foundation

The conversion of aircraft orientation data to
quaternions involves processing pitch (), roll (o), and
true heading/yaw (y) angles. The transformation follows
these steps:

1. First, we convert the angles from degrees to
radians as quaternion calculations typically use

radians:
s
Oraa = gdeg X @
Praa = ¢deg X @
Yyga = l/)deg X 1_80

2. The conversion of Euler angles (¢, 6, ) to
quaternions is performed using these equations

o= (0 ()2 r3n(E)on (Jon (1
c=n(®)os (e (?) s B ()
y=s sn(()es(2) 150 () es (o
= en(E)es (D ?)-sn () () s 1

3. Angular rates (P, Q, R) representing roll rate,
pitch rate, and yaw rate respectively, are used to
analyze the dynamic behavior of the aircraft's
rotation.

This transformation is crucial for avoiding gimbal lock
and ensuring more stable rotational computations.

C. Python Implementation

By using mathematical foundation above, here is the
Python scripts to automate the conversion for each data
point in the TXT file. The full program will display data
visualization via Pandas and the program code will be
placed in the appendix.
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Fig 3.2 Python Code to convert Quaternion
(Source: Screenshot by the Author)
D. Validation of Quaternion Outputs

To ensure the correctness of the quaternion outputs, it is
essential to perform the validation process. The validation
process focuses on statistical analysis and verification of
quaternion properties:

1. Component Analysis:

Fig 3.3 Python Code to analyze the components
(Source: Screenshot by the Author)
Standard deviations of each quaternion component
(w, X, y, z) are calculated to assess stability over
time.
2. Visual Validation:

ax2 = plt. (

ax2. (results['time"], results[‘quaternions'][:,
label = e')

ax2.

ax2. (resu
label

ax2.

Fig 3.4 Python Code to validate quaternions
visually
(Source: Screenshot by the Author)
Time-series plots of quaternion components allow
visual inspection of:
e Smoothness of rotational transitions
e  Absence of discontinuities

e  Proper quaternion behavior during maneuvers
This validation ensures the quaternion representation
accurately captures the aircraft's orientation while
maintaining mathematical correctness.
F. Summary of Implementation Steps

1. Extract flight data from X-Plane 12 pipe-delimited
text files and parse into structured DataFrame using
Pandas.

2. Process rotational data by converting Euler angles
(pitch, roll, heading) into quaternion representation
using SciPy's spatial transform module.

3. Analyze raw and converted data by calculating
statistical measures and generating visualizations of
rotational components.

4. Test and validate quaternion behavior across
multiple flight scenarios including cruising,
climbing, rolling and descending maneuvers.

5. Plot and export comparative time series
visualizations of Euler angles, quaternion
components and angular rates for analysis.

IV. RESULTS AND DISCUSSION

After undergoing data collection by analyzing data from
various flight scenarios, including cruising, climbing,
rolling, and descending, this chapter explores how
quaternions compare to traditional methods in terms of
stability, accuracy, and computational efficiency.

The following analysis examines each flight scenario in
detail as it focuses on statistical parameters (mean values,
standard deviations, and rotational component ranges), as
well as quaternion stability metrics, and the angular rates
(P, Q, R) which allowing for comprehensive understanding
of the quaternion representation's performance under
various flight scenario by providing insight of dynamic
nature for each flight scenario.

———t

sl
Fig 4.1 Data collection process for all scenarios
(Source: Screenshot by the Author)
Data obtained during cruising, climbing, rolling, and
descending with a retrieval frequency of 5 writes/second

will be included in the appendix.

Makalah 1F2123 Aljabar Linier dan Geometri — Teknik Informatika ITB —Semester | Tahun 2024/2025



A. Cruising Result and Analysis

Data collection for the cruising scenario was carried out
using an Airbus A330 aircraft at an altitude of 12,000 feet
with heading 067 and the calculation results for data
processing are as follows:

Analyzing cruising scenario...

CRUISING Statistics:

Euler Angles:
pitch_mean: 4.706837
pitch_std: ©.027331
pitch_range: ©8.153790
roll mean: -0.813626
roll std: 0.001586
roll_range: 0.006740
heading mean: 67.951237
heading std: ©.000886
heading_range: 0.002900

Angular Rates (deg/s):
P_max: ©.000890
Q max: ©.930650
0.000840
. 000000
0.001821
: 9.000346

Quaternion Stability:
w_std: @.000130

Fig 4.2 Cruising Statistics in Terminal
(Source: Screenshot by the Author)

Flight Analysis: Cruising
Evler Angles

Quaternion Companents

nnnn

) iz Er)

Fig 4.3 Cruising Statistics
(Source: Generated by Python Program)

During the cruising phase, the aircraft shows the highest
stability characteristics compared to other flight phases.
Euler angle measurements showed very stable orientation
parameters, with pitch maintained at approximately 4.7
degrees (standard deviation 0.027°), roll at -0.81 degrees
(standard deviation 0.0016°), and heading consistent at
67.95 degrees (standard deviation 0.00088°). The angular
rates that are close to zero in all three axes of rotation
further confirm this stability.

Direct comparison between the Euler angle and
quaternion representations during this phase reveals the
significant ~ superiority of the  quaternion-based
representation. While the Euler angles show variations on
the order of 1072 degrees, the quaternion components
show much smaller variations in the range 10~* to 107°
(specifically wg.q: 0.00013, x4:4: 0.0002, y..4: 0.0000086,
Zgtq- 0.000011). This difference of two to four orders of
magnitude proves that quaternions provide superior

numerical stability, even under relatively stable steady-
state conditions. This better numerical stability is critical
for long-term navigation systems because it results in much
smaller error accumulation over time. Very small
variations in the quaternion component provide a more
robust and numerically stable representation of the aircraft
orientation, while still being able to capture the same stable
flight characteristics as observed in the Euler angle
measurements.
B. Climbing Result and Analysis

Data collection for the climbing scenario was carried out
using an Airbus A330 aircraft at an altitude of 12,000 feet
climbing to 16,000 feet with heading 067 and the
calculation results for data processing are as follows:

Analyzing climbing scenario...

CLIMBING Statistics:

Euler Angles:
pitch mean
pitch s
pitch r.

roll | -9.832233

roll std: ©.650065
roll_range: ©.146260
heading mean: 67.958189
heading std: ©.e18363
heading range: ©.653899

Quaternion Stability:
w_std: ©.009465

(Source: Screenshot by the Author)

Flight Analysis: Climoing
Euler Angles

Fig 4.5 Climbing Statistics
(Source: Generated by Python Program)

During the climbing phase, the aircraft experiences more
dynamic orientation changes compared to the cruising
phase, with an average pitch reaching 12.22 degrees
(standard deviation 1.97°). Despite significant pitch
changes, the aircraft maintains roll stability at -0.83
degrees and controlled heading (standard deviation
0.018°). The maximum pitch rate of 0.90 degrees/second
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confirms the climbing maneuver characteristics.

In these dynamic conditions, the advantages of
quaternions become increasingly visible. While the Euler
angles show large variations especially in pitch (standard
deviation 1.97°) and affect other components, the
quaternion representation maintains stability with a
maximum standard deviation of only 0.014 in the x
component. Although the quaternion stability decreases
100-fold compared to the cruising phase, this decrease is
still much smaller than the 70-fold increase in Euler angle
variability for pitch, proving the quaternion's better
robustness in representing significant orientation changes.

C. Rolling Result and Analysis

Data collection for the rolling scenario was carried out
using an Airbus A330 aircraft at an altitude of 12,000 feet
rolling from heading 076 to heading 166 (90 degree of
rolling) and the calculation results for data processing are
as follows:

Analyzing rolling scenar

ROLLING Statistics:

Euler Angles:

pitch mean: 1.063959
pitch std: ©.204784
pitch range: ©.848310
roll mean: 23.65373@
roll std: 1@.892721

roll range: 33.56151@
heading mean: 125.845733
heading_std: 30.625251
heading range: 89.866320

Angular Rates (deg/s):
P_max: 4.23187@

Q max: 1.844260

R max: 1.615120
P_mean: -0.066092

Q _mean: 0.663841

R mean: 1.227228

Quaternion Stability:
w_std: ©.061700
x std: 0.884374
y_std: 0.125773
z_std: ©.225933

Fig 4.6 Rolling Statistics in Terminal
(Source: Screenshot by the Author)

Flight analysis: Ralling
Euler Angles

]
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Fig 4.7 Rolling Statistics
(Source: Generated by Python Program)
The rolling phase shows the most complex rotation

dynamics among all flight phases, with very significant roll
changes reaching a range of 33.56 degrees and heading
changes reaching a range of 89.87 degrees. Angular rates
reached the highest values compared to other phases, with
a roll rate reaching 4.23 degrees/second and a yaw rate
reaching  1.62  degrees/second, illustrating the
characteristics of an aggressive rolling maneuver.

In this phase, the advantages of quaternions in dealing
with extreme rotations become very clear. In the Euler
representation, a potential gimbal lock problem can be seen
where large roll changes (range 33.56°) significantly affect
heading (range 89.87°). In contrast, quaternions still
provide a consistent and smooth representation without
discontinuities, although they experience larger variations
(zstq: 0.226). High angular rates (roll rate: 4.23°/s, yaw
rate: 1.62°/s), which are usually problematic for Euler
angles due to singularity problems, can be well represented
by quaternions without losing degrees of freedom or
experiencing gimbal lock, proving its superiority in
handling complex maneuvers.

D. Descending Result and Analysis

Data collection for the climbing scenario was carried out
using an Airbus A330 aircraft at an altitude of 12,000 feet
descending to 8,000 feet with heading 067 and the
calculation results for data processing are as follows:

Analyzing descending scenario...
DESCENDING Statistics:

Euler Angles:

|_range
roll mean: -0.716661
roll s

roll_range: 0.
heading_mear
heading_std

heading range: 0.143140

Angular Rates (deg/s):
0.176500

Quaternion Stability:
w_std: ©.012989

Fig 4.8 Descending Statistics in Terminal
(Source: Screenshot by the Author)

Flignt Analysis: Descending
Evler Angles

— R
g — hesam

o . Y 1 n B n
Tine 3

Angular Rates
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Fig 4.9 Descending Statistics
(Source: Generated by Python Program)

During the descending phase, the aircraft exhibited
controlled descent characteristics with a mean pitch of -
1.50 degrees and moderate variation (standard deviation
1.50°). The aircraft's roll shows better stability compared
to the climb phase with a standard deviation of 0.08°, while
the heading is maintained very stable at 166.54 degrees.
The moderate angular rates confirm the controlled decline
characteristics.

In this phase, the quaternion again shows its superiority
in representing smooth transitions. While the Euler angle
shows a significant coupling effect between negative pitch
(-1.50° £ 1.50°) and roll change (standard deviation 0.08°),
the quaternion component remains well preserved (wg.4:
0.013, x44: 0, 0018, y,.4: 0.00013, z,.4: 0.00016). The
stability of the quaternion in this phase shows better
performance compared to the climbing and rolling phases,
proving its efficiency in handling descent maneuvers. This
superior stability is critical for aircraft control systems that
require accurate and responsive orientation representation.

V. CONCLUSION

Based on the analysis of the four flight scenarios
(cruising, climbing, rolling, and descending), it can be
concluded that the quaternion representation consistently
shows better stability compared to the Euler angles
representation. This can be seen from the smaller
quaternion standard deviation values in each scenario, even
in complex maneuvers such as rolling. Although the
complexity of the maneuver is directly proportional to the
decrease in quaternion stability, this decrease is still
smaller compared to the Euler angles representation. In
addition, quaternions provide smoother transitions in any
change in aircraft orientation, especially visible during
rolling maneuvers where large angular changes can still be
represented well.

The results of this analysis succeeded in fulfilling the
three research objectives. First, the superiority of the
quaternion in handling rotational data is evident through its
better numerical stability and its ability to avoid the gimbal
lock problem, seen in the consistency of its representation
even during extreme angular changes in rolling maneuvers.
Second, computational efficiency and quaternion stability
are validated through comparison of consistently lower
standard deviations compared to Euler angles in all
scenarios, indicating robustness to error propagation.
Third, the applicability of quaternions in the real world is
demonstrated through the analysis of four different flight
scenarios covering various aircraft operational conditions,
from stable conditions (cruising) to complex maneuvers
(rolling), where the quaternions still provide an accurate
and stable representation.

VI. APPENDIX

- Complete source code used for data analysis and
datasets collected during the data collection

process: https://github.com/fliegenhaan/xplanel2-
guaternion-study.qgit

- YouTube Paper Video (Bonus):
https://youtu.be/nK-DYeX-MpU?si=kJO4-
ATMAGSIsSCc
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